Periodic solutions of certain second order nonlinear differential equations  by Chang, S.H
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 49, 263-266 (1975) 
Periodic Solutions of Certain Second Order 
Nonlinear Differential Equations 
S. H. CHANG 
Department of Mathematics, The Pennsylvania State University, 
University Park, Pennsylvania 16802 
Submitted by W. F. Ames 
1. THE RJSULTS 
Consider differential equations of the form 
and 
X” + x’ + f(t, x) = p(t), (2) 
where p and f are continuous, ~(t + T) =p(t) and f(t + T, x) = f(t, x) for 
all t and x with some T > 0, and Sip(t) dt = 0. In this note we shall give 
some conditions on f so that each of the Eqs. (1) and (2) will have at least one 
periodic solution with period T. Our results are generalizations of those in 
Lazer [2]. 
THEOREM. If xf (t, x) >, 0 for 1 x / > lb2 with some positive M and for 
all t, and if (f (t, x)/x) + 0 as x -+ co uniformly in t, then each of Eqs. (1) 1 / 
and (2) has at least one periodic solution with period T. 
COROLLARY 1. Under the same assumptions on f  andp as before, the equation 
XV + cx’ + f  (4 x) = p(t), (3) 
where c is any real number, has at least one periodic solution with period T. 
Consider the equation 
X” + cd + 4(t) f  (x) = p(t), (4) 
where c is any real number, q and p are continuous and periodic with period T, 
Tip(t) dt = 0, and f  is continuous. 
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COROLLARY 2. If q > 0, xf (x) > 0 for [ x 1 > M with some positive M, 
and ( f Gw + 0 as x + co, then Eq. (4) has at least one periodic solution I I 
with period T. 
Remark. Corollary 2 extends the results in [2] where q = 1 was assumed. 
2. THE PROOFS 
Proof of the Theorem. Let X be the space of all continuous periodic 
functions with period T. If ‘p E X, let )/ 4p )/ = max 1 cp(t)l . Consider Eq. (1). 
Let 0 < E < mini+, 1/6T2}. Then there exists Z(r) > 0 such that 
and all t. Let 
IfO,X>I GEIXI for 1 x 1 > Z(E) 
L = max(l f(t, x)1 I 0 < t < T, I x I < Z(E))- 
Then let 
I 
iI4 
B = max 1 _ 3E, 
M+3T211~II L 
l-6T2.S ‘Y’ WI; 
and 
E = max{eR, T2 jl p [I + 2T2&}, 
and note that 
I f(t, x>I < ~4 whenever 1x1 <B. 
For each v E X, we define 
F(v) (t> = f (4 9)(t)) - $ S,T f (s, ds)) A* 
Then F(v) E X, 
s ‘F(y) (s) ds = 0, 
and II F(v)11 < 24 whenever II p II < B. 
0 
Also, for each q~ E X with Jrv(s) ds = 0, we define 
A(v) (t) = /otj-o’ &) duds - $ jo’j-os v(u) du ds. 
Then 4~) E X 4~)” (4 = dt>, and II 4dll< T2 II v II - 
(5) 
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Let R denote the set of real numbers, and for each (v, r) E X x R let 
l(v, r)l = II v II + I r I . Also, for any a, BE R let 
for any (v, r), (#, p) E X x R. Then X x R becomes a complete normed 
vector space. 
Now, define a mapping P: X x R + X x R by P(cp, r) = (+?, ?) with 
$ = r + 4P - qP))> 
F = r - + J-oTf(s, $3(s)) as. 
It is easy to show that P is continuous. Let 
K = {(cp, r) E X x R I II 9 11 d B and / r j < M + 2E). 
Clearly K is closed, bounded and convex in X x R. Then with an argument 
similar to that used in [2] one can prove that P(K) C K and P(K) is con- 
ditionally compact (P(K) closure compact). By Schauder’s fixed point theorem 
(see [l]) there exists (#, b) E K such that ($, b) = P($, b) = (I,& b), i.e. 
~=$=~f&--@)), (6) 
b = 6” = b - f STf(s, J(s)) ds. 
0 
It follows that (l/T) Jlf(~, $(s)) ds = 0, and hence F(4) (t) =f(t, #(t)). 
Differentiating Eq. (6) twice leads to 
VW + fk Ibw = P(Q 
For Eq. (2) we redefine the transformation A in (5) as follows, 
A(q) (t) = (e= - 1)-l s,““s,” es-G&) du ds, 
for each 9) E X, with st p)(u) du = 0. Here we have 
4d E x II 4dll < T II P II > 
and 
4)’ (4 = --Ah) (4 + Iot v(s) ds. 
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Then with obvious modifications of the above proof one can show the 
existence of (#, b) E K such that both (6) and (7) hold. Differentiating (6) 
then leads to 
Proof of Corollary 1. For c # 0, the change of variable s = ct reduces 
Eq. (3) to the form of (2). 
Corollary 2 is an obvious consequence of the previous results. 
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